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Twisted partially pure spinors 


Rafael Herrera*^ and Ivan Tellez^^ 

Abstract 

Motivated by the relationship between orthogonal complex structures and spure spinors, 
we define twisted partially pure spinors in order to characterize spinorially subspaces of Eu¬ 
clidean space endowed with a complex structure. 


1 Introduction 

In this paper, we characterize subspaces of Euclidean space MT' endowed with an orthogonal 
complex structure by means of twisted spinors, which is a generalization of the relation between 
classical pure spinors and orthogonal complex structures on Euclidean space Recall that 

a classical pure spinor (p £ ^ 2 m is a spinor such that the (isotropic) subspace of complexified 
vectors X — iY ^ (g) C, A, E G which annihilate (p under Clifford multiplication 

{X -iY)-^ = 0 

is of maximal dimension, where m G N and A 2 m is the standard complex representation of the 
Spin group Spin{2m) (cf. [5]). This means that for every X G there exists a E G 
satisfying 

X-(p = iY -(p. 

By setting E = J{X), one can see that a pure spinor determines a complex structure on 
Geometrically, the two subspaces TM ■ cp and iTM ■ cp of A 2 m coincide, which means TM ■ (p is a 
complex subspace of A 2 m) and the effect of multiplication by the number i = is transferred 
to the tangent space TM m. the form of J. 

The authors of mm investigated (the classification of) non-pure classical spinors by means 
of their isotropic subspaces. In [6], the authors noted that there may be many spinors (in 
different orbits under the action of the Spin group) admitting isotropic subspaces of the same 
dimension, and that there is a gap in the possible dimensions of such isotropic subspaces. In our 
Euclidean/Riemannian context, such isotropic subspaces correspond to subspaces of Euclidean 
space endowed with orthogonal complex structures. In this paper, we define twisted partially pure 
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spinors (cf. Definition I3.ip in order to establish a one-to-one correspondence between subspaces 
of Euclidean space (of a fixed codimension) endowed with orthogonal complex structures (and 
oriented orthogonal complements), and orbits of such spinors under a particular subgroup of the 
twisted spin group (cf. Theorem 13.11) . By using spinorial twists we avoid having different orbits 
under the full twisted spin group and also the aforementioned gap in the dimensions. 

The need to establish such a correspondence arises from our interest in developing a spinorial 
setup to study the geometry of manifolds admitting (almost) CR structures (of arbitrary codi¬ 
mension) and elliptic structures. Since such manifolds are not necessarily Spin nor Spin'^, we are 
led to consider spinorially twisted spin groups, representations, structures, etc. Geometric and 
topological considerations regarding such manifolds will be presented in [3]. 

The paper is organized as follows. In Section [2] we recall basic material on Clifford algebras, 
spin groups and representations; we dehne the twisted spin groups and representations that 
will be used, and the space of anti-symmetric 2-forms and endomorphims associated to twisted 
spinors; we also present some results on subgroups and branching of representations. In Section 
[31 we dehne partially pure spinors, deduce their basic properties and prove the main theorem. 
Theorem 13.11 which establishes the aforementioned one-to-one correspondence. 

Acknowledgments. The hrst named author would like to thank Helga Baum for her hospi¬ 
tality and support, as well as the following institutions: Humboldt University, the International 
Centre for Theoretical Physics and the Institut des Hautes Etudes Scientihques. 


2 Preliminaries 


lec:preliminaries) 


In this section, we briefly recall basic facts about Clifford algebras, the Spin group and the 
standard Spin representation [3]. We also dehne the twisted spin groups and representations, 
and the antisymmetric 2-forms and endomorphisms associated to a twisted spinor, and describe 
various inclusions of groups into (twisted) spin groups. 


2.1 Clifford algebras 

Let Cln denote the Clifford algebra generated by the orthonormal vectors ei,e 2 ,...,e„ € M”' 
subject to the relations 


T — 2 (cj, Cfc), 

where (, ) denotes the standard inner product in M"'. Let 

Cln = Cln ®R C 


denote the complexihcation of Cln- The Clifford algebras are isomorphic to matrix algebras. In 
particular. 


Cln 


r\j 


End(C2''), ifn = 2A:, 

End(C2") © End(C2"), if n = 2A: + 1, 


where 

A„ := © ... © 

^ V 

k times 
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is the tensor product of /c = [^] copies of C^. The map 


K : CL 


End(C^ 


is defined to be either the above mentioned isomorphism if n is even, or the isomorphism followed 
by the projection onto the hrst summand if n is odd. In order to make k explicit, consider the 
following matrices 


Id = 


1 0 
0 1 


91 = 


i 0 
0 -i 


92 = 


0 i 
i 0 


T = 


—i 

0 


and, if n = 2A: + 1, 
The vectors 


ei,..., 

6n, K 

; can be described explicitly as follows. 

ei 


Id® Id® . 

.. ® Id® Id® gi, 

62 


Id® Id® . 

.. ® Id® Id® g2, 

63 


Id® Id® . 

.. ® Id® gi ®T, 

64 


Id® Id® . 

..® Id® g2®T, 

62 fc-l 


gi®T®.. 

.®T®T®T, 

e-2k 


g2®T ® .. 

.®T®T®T, 

e-2k+l 6^ 

iT®T® . 

..®T®T®T. 


1 


u+i = 


and 
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form a unitary basis of with respect to the standard Hermitian product. Thus, 

= Uei (g) ... (g) Ue J Ej = ±l,j = 1,..., A:}, 

o/c 

is a unitary basis of A„ = with respect to the naturally induced Hermitian product. We 
will denote inner and Hermitian products by the same symbol (•, •) trusting that the context will 
make clear which product is being used. 

Clifford multiplication is dehned by 


Ain : 


A, 


A, 


a: (g) i/A I—)• fin{x ® iji) = X ■ ijj := K{x){ip). 

A quaternionic structure a on is given by 

Zl \ I -Z2 


a 


and a real structure /3 on is given by 


^^2 


^2 




22 
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Real and quaternionic structures 7 ^ on A. 


7n — 

(a®/3)®2fc 

7n = 

a ® (/3 ® a)®2^ 

7n = 

(a ® / 3 )® 2 fc+i 

7n = 

a ® (/3 ® 


= 


are 

built 

as follows 

if 

n = 8k. 

,8k+ 1 


(real). 

if 

n = 8k 

+ 2,8k 

+ 3 

(quaternionic), 

if 

n = 8k 

+ A,8k 

+ 5 

(quaternionic), 

if 

n = 8k 

+ 6 , 8k 

+ 7 

(real). 


2.2 The Spin group and representation 

The Spin group Spin{n) C Cln is the subset 

Spin{n) = {xiX2 ■ ■ ■ X21-1X21 \ Xj € M”, \xj\ = 1, I £ N}, 


endowed with the product of the Clifford algebra. It is a Lie group and its Lie algebra is 


spin(n) = spanjejCj \ l<i<j<n}. 

Recall that the Spin group Spin{n) is the universal double cover of SO{n), n > 3. For n = 2 we 
consider Spin{2) to be the connected double cover of S'0(2). The covering map will be denoted 
by 

An : Spin{n) —)• SO{n). 

Its differential is given by \n,{eiej) = 2Eij, where Eij = e* ® Cj — ( 8 ) e* is the standard basis of 

the skew-symmetric matrices, and e* denotes the metric dual of the vector e. Furthermore, we 
will abuse the notation and also denote by Xn the induced representation on 
The restriction of k to Spin{n) defines the Lie group representation 

Spin{n) —)• GL(An), 


which is, in fact, special unitary. We have the corresponding Lie algebra representation 


spin(n) —^ 0 l(An). 

Remark. For the sake of notation we will set 


50(0) = {!}, 50(1) = {!}, 


and 


Spin{0) = {±1}, Spin{l) = {±1}, 

Ao = Ai = C 


a trivial 1 -dimensional representation. 

Clifford multiplication pn bas the following properties: 

• It is skew-symmetric with respect to the Hermitian product 


{X • V'1,'02) = - V’2) • 


• pn is an equivariant map of Spin{n) representations. 


( 1 ) 


clifford-skew-s 
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• can be extended to an equivariant map 

w (8) V’ • "0! 

of Spin(n} representations. 

At this point we will make the following convention. Consider the involution 


F2m ■ ^2m -^ ^2m 

<p !-)► {-i)'^eie2---e2m- (p, 


and let 

^2m = {4>\ F2m{4>) = 

This definition of positive and negative Weyl spinors differs from the one in [3] by a factor 
(—1)”*. Nevertheless, we have chosen this convention so that the spinor is always positive 

and corresponds to the standard (positive) complex structure on 


2.3 Spinorially twisted Spin groups 

Consider the following groups: 

• By using the unit complex numbers 17(1), the Spin group can be twisted [3] 

Spirf{n) = {Spin{n) x 17(1))/{±(1,1)} = Spin{n) 17(1), 
with Lie algebra 

spin'^(n) = spin(n) 0 zM. 

• In p] we have considered the twisted Spin group Spirf{n), r £ N, defined as follows 

Spirf {n) = {Spin{n) x S'pin(r))/{±(1,1)} = Spin{n) x^j Spin{r). 

The Lie algebra of Spirf {n) is 

spin^(n) = spin(n) 0 spin(r). 

• Here, we will also consider the following group 

Spirf’’^{n) = {Spi'n{n) X Spirf {r))/{-^{1,1)} 

= Spin{n) Xz 2 Spirf {r), 

where r £ N, whose Lie algebra is 

spin'^(n) = spin(n) 0 spin(r) 0 zM. 

It fits into the exact sequence 

1 ^ Za ^ Spirf^'^in) - A SO{n) x SO{r) x U{1) 1, 

where 

(An X Aj. X Aa) ([ 5 ^, [h, .z]]) — (An ( 5 ), z ). 

Remark. For r = 0,1, Spirf= Spirf [n). 
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2.4 Twisted spin representations 

Consider the following twisted representations: 

• The Spin representation A„ extends to a representation of Spin^{n) by letting 

Spirf{n) —)■ GL{An) 

[g,z] zKn{g) =: zg. 

• The twisted Spin^’^{n) representation 

Spin'^^^n) GL{Ar^An) 

[<7, [/l,2;]] ZKr{h) ® K,n{g) ='■ zh® g. 

which is also unitary with respect to the natural Hermitian metric. 

• For r = 0,1, the twisted spin representation is simply the SpinP{n) representation A„. 

We will also need the map 

®R (A^ ® A„) ^ A^ ® A„ 

(rci ® W 2 ) ® {ip ® p) !-)• [wi ® W 2 ) ■ {ip ® if) = [wi ■ Ip) ® (w2 ■ (p). 

As in the untwisted case, pr ® Pn is an equivariant homomorphism of Spin^'^{n) representations. 


2.5 Skew-symmetric 2-forms and endomorphisms associated to twisted spinors 

We will often write fki for the Clifford product fkfi- 

Definition 2.1 [2] Let r > 2, (p ^ A^ ® An, X,Y G M”', (/i ..., fr) an orthonormal basis of 
and 1 < k,l < r. 

• Define the real 2-forms associated to the spinor (p by 

pti{X,Y) = Re{XAY-fkfi-<P,(P). 

• Define the antisymmetric endomorphisms £ End~(M”) by 

X fjtfiX) := {Xzpi)^, 

where X £ M”, j denotes contraction and ** denotes metric dualization from 1-fomrs to 
vectors. 


Lemma 2.1 Let r > 2, cp ^ A^ ® An, X,Y G M”, (/i..., fr) an orthonormal basis of W and 
1 < k,l < r. Then 


Re {fkfi ■(p,4>) = 0, 

Re{X AY ■(P,(P) = 0, 

lm{XAY-hfi-cP,cP) = 0, 

Re{X-<P,Y-cP) = {X,Y)\(P\\ 


( 2 ) 

( 3 ) 

( 4 ) 


vanishingS 


vaiiishing4 


real-part 
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Proof. By using ([T]) twice 


{fkfi- 

For identity (j2|) , recall that for X,Y & M"" 

X PY = X - Y + {X,Y). 


Thus 


{X AY= -{X AY ■ ct),ct)). 

Identities ([3]) and (HI follow similarly. □ 

Remarks. 

• For k I, 

vti = (4z - 1)4- 

• By ([3|, if A; / /, 

4i{X,Y) = {XAY-Mr^A)- 

Lemma 2.2 [2] Any spinor cp £ (8) A^, r >2, defines two maps (extended by linearity) 

fki ^ vti 

and 

End(M”) 

fki ^ vfi, 


□ 


2.6 Subgroups, isomorphisms and decompositions 

In this section we will describe various inclusions of groups into (twisted) spin groups. 

(lemma-subgroupi) 2.3 There exists a monomorphism h : Spin{2m) Spin{r) —> Spin{2m + r) such 

that the following diagram commutes 


Spin{2m) Spin{r) 

i 

SO{2m) X SO{r) 


Spin{2m + r) 

I 

“—)• SO{2m + r) 
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Proof. Consider the decomposition 


^2m+r ^ j^2m ^ 


and let 


2s 


Spin{2m) = < Xi G Cl 2 m+r \ Xi G |xi| = 1, s G N > C Spin{2m + r), 


^ 2=1 
2 t 


Spin{r) = JJyj G C'Z2m+r I yj e 1^^, ll/il = ^ C Spin{2m + r). 

J=i 


It is easy to prove that 


Define the homomorphism 


Spin{2m) n Spin{r) = {1, —1}. 


h : Spin{2m) Spin{r) —)• Spin{2m + r) 
[9,g'] ^ 99- 

If [ 9 ^ 9 '] £ Spin{2m) Spin{r) is such that 

gg = 1 G Spin(2m + r), 


then 

so that 
Hence [g,g'] 


g' = g ^ G Spin{2m) C Spin{2m + r), 

g, g' G Spin{2m) n Spin{r) = {1, —1}. 
[ 1 , 1 ] and h is injective. 


□ 


(lemma: subgroup2) 2.4 Jj^t r G N. There exists an monomorphism h : U{m) x SO{r) Spin^’"^{2m + r) 

such that the following diagram commutes 


Spin^’^ {2m + r) 

/ i 

U{m) X SO{r) — S'0(2m + r) x 50(r) x [/(!) 


Proof. Suppose we have an orthogonal complex structure on c M^m+r 

j2 = -Ida^, {■, ■) = {J ■, J ■). 

The subgroup of 50(2m + r) that respects both the orthogonal decomposition M^m+r _ ]^ 2 m 0 ]^r 
and J is 

U{m) X SO{r) C SO{2m) x SO{r) C SO{2m + r). 

8 


There exists a lift [3] 


Spin^{2m) 

U{m) S0{2m) x U{1) 
A 1-^ (^jj, detc(^)) 

and we can consider the diagram [2] 


50(r) 


Spin{r) xzj Spin{r) 
SO{r) X SO{r) 


We can put them together as follows 

Spin^{2m) Xzj Spirf (r) = Spirf {2m) Xzj Spin‘^{r) ^ 5'pm(2m + r) Xzj Spin^{r) 

z ; 

C/(m) X SO{r) ^ SO{2m) x C/(l) x SO{r) x 5'0(r) 

where the last inclusion is due to Lemma 12.31 It is easy to prove that the lift monomorphism 
U{m) X SO{r) —> Spin^{2m) x^j SpivT{r) exists and there is a natural isomorphism 


Spin^{2m) x^j Spirf (r) = Spirf {2m) x^j Spin^{r). 


□ 


(factorization) _ ^ 

Lemma 2.5 Let r G N. 

follows 


The standard representation A 2 m+r of Spin{2m + r) decomposes as 

^2m+r — Aj. ® ^2m ® ® ^2m> 


respect to the subgroup Spin{2m) x^j Spin{r) C Spin{2m + r). 


Proof. Consider the restriction of the standard representation of Spin{2m + r) to 

Spin{2m) x^j Spin{r) C S'pin(2m + r) —>• Gl{/S. 2 m+r)- 

By using the explicit description of a unitary basis of /S. 2 m+r-, we see that the elements of Spin{2m) 
act on the last m factors of 


A2m+r = (8) • • • (8) <8) (g) • • • (g) 

'-V-^ '-V-' 

[r/2] times m times 

as they do on A 2 m = ^tm ® ^ 2 m- elements of Spin{r) act as usual on the first [r/2] factors 
of Aj., act trivially on A^^, and act by multiplication by (—1) on the factor A^^. □ 
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3 Twisted partially pure spinors 

iiy-pure-spinors) order to simplify the statements, we will consider the twisted spin representation 


where 


n, r G N. 


Tir <8) A„ C Ar (8) An- 


( Ar if r is odd, 
i A+ if r is even. 


ally pure spinor) Definition 3.1 Let (/i, ..., fr) be an orthonormal frame ofW. A unit-length spinor (p £ T,r 0 
An, r < n, is called a twisted partially pure spinor if 

• there exists a {n — r)-dimensional subspace C M"" sueh that for every X G V'^, there 
exists a Y £ such that 

X ■ (p = iY ■ (p. 

• it satisfies the equations 

ivti + fkfi) -(p = 0, 

{fkfi ■(p,(p) = 0, 

for all 1 < k < I < r. 

• If r = A, it also satisfies the eondition 

(/ 1 / 2 / 3/4 ■(p,(p) = 0 . 


Remarks. 

1. The requirement \(p\ = 1 is made in order to avoid renormalizations later on. 

2. The extra condition for the case r = 4 is fulfilled for all other ranks. 

3. From now on we will drop the adjective twisted since it will be clear from the context. 

3.1 Example of partially pure spinor 

(lemma.existence) Gitien r, m G N, there exists a partially pure spinor in S,, (8 A2m+r- 

Proof. Let (ei,..., 62 ™, e 2 m+i) • • •, e 2 m+r) and (/i,..., fr) be orthonormal frames of and 

M'’ respectively. Consider the decomposition of Lemma 12.51 

A 2 m+r — Ar < 8 * 0 Aj. 0 A 2 ^, 

corresponding to the decomposition 

]^ 2 m+r ^ spanjei,..., 62 ^} © span{e 2 m+i,..., 62 ^+^}- 
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Let 


G A2^, 


and 

{^^£ 1 ,...,£[,/ 2 ] l(ei! ■ ■ ■ !e[r/ 2 ]) € {± 1 }^'’/^'} 

be the unitary basis of the twisting factor = A(span(/i,..., f^)) which contains S,.. Let us 
define the standard twisted partially pure spinor (f)Q ^ ® ® A^^ by 

75 ^ (E/e{±i}x [-/21 ® Iriui)^ if r is odd, 

00 = < / \ 

^ 2 \r/ 2 ]-i (^Ere[{±i}x[-/ 21 ]^ ® lr{ui)j if r is even, 

where the elements of contain an even number of (— 1 ). 

Checking the conditions in the definition of partially pure spinor for 0o is done by a (long) 
direct calculation as in [2]. For instance, taking n = 7, r = 3, we have 

00 = ^(^^1 C) 73 (^ 1 ) <8) ui (g) ui + v-i (g) 73 (u_i) (g) ui (g) ui) 

v 2 

where 73 is a quaternionic structure. We check that this 0o is a partially pure spinor. Putting 
C = \l\f2 and remembering that 73 (ue) = we get 

00 = iC{V-l (g) Ul (g) Ul (g) Ml — Ul (g) M_1 (g) Ml (g) Ml), 

which has unit length. Let {cj} be the standard basis of M^, so that 

ei • 00 = iC{v-i (g) Ml (g) Ml (g) 5 i(mi) — Ml (g) M_i (g) Ml (g) gi{ui)) 

= 162 ■ 00 ) 


and, similarly, 


63 • 00 — *64 • 00- 

So, 00 induces the standard complex structure on = (ei, 62 , 63 , 64 ). Let {fi} be the standard 
basis of . Similar calculations give 

ril° = e4+fc A e^+h 
{'nil + fki) • 00 = 0 , 

and 

ifkl ■ 00 ) 0 o) = 0 . 

□ 
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3.2 Properties of partially pure spinors 

basic 3^2 The definition of partially pure spinor does not depend on the choice of orthonormal 

basis ofW. 

Proof. If r = 0,1, a partially pure spinor is a classical pure spinor for n even or the straightforward 
generalization of pure spinor for n odd [5l p. 336]. Suppose /') is another orthonormal 

frame of then 

fi ~ CHilfl + ■ ■ ■ “ 1 “ Oiirfr: 

SO that the matrix A = (oij) G SO{r). Let us denote 

Vk^iiX,Y) :=Re{XAY-fJi<p,fi) 


Thus, 


Vkii(^a,eb)eaef fi 

l<a<b<n 

= / eaCfe • I ^ aksfs j ( Y ^ 

l<a<b<n \ 


vs=l 


Kt=l 


E EE {^a^b * fsft * 4^1 4^) ^a^b 

l<a<b<n t=l 
r r 

E EE 

l<a<b<n s=l t=l 
r r 

EE ^ks^ltVst * ^ 

s=l t=l 
r r 

EE OiksOiltfsft ■ fi 


s=l t=l 
/ T 


^ ^ Oiksfs j ( ^ ^ exit ft 


vs=l 
ct ft 


\t=l 


= -fkf[-^- 

For the third part of the definition, note that 


{f'kf'i -fiA) = \[Y I ( Y 


\ \s=l 
r r 


yt=l 


= EE e^ksOl-lt {fsft ■ fil fi) 

S=1 t=l 

= 0 . 

(I fl t! t! 


For r = 4, the volume form is invariant under ^©(d), fifAA^ ~ /i/2/3/45 and 

{fifAsfi ■fi,fi) = (/ 1 / 2 / 3/4 AA) = 0. 


□ 
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Lemma 3.3 Given a partially pure spinor (/> G <8) there exists an orthogonal complex 
structure on and n — r = 0 (mod 2) . 

Proof. By definition, for every X ^ V^, there exists Y such that 


X ■ (f = iY ■ (t), 


and 

Y ■(j) = i{-X) -(j). 

If we set 

J*{X) := y, 

we get a linear transformation such that = —Idy^, i.e. J'^ is a complex 

structure on the vector space and dimR(y‘^) is even. Furthermore, this complex structure is 
orthogonal. Indeed, for every X G V‘^, 

X-JX-(j) = -i\X\'^(j), 

JX-X-4> = 

and 

(-2 (X, JX) + i{\JX\^ - |X|2)) </, = 0, 

i.e. 

(X,JX) = 0 
|X| = \JX\. 


□ 


Lemma 3.4 Let r >2 and (f) G A„ be a partially pure spinor. The forms rf^j^ are non-zero, 
1 < k < I < r. 


Proof. Since {fkfiY — the equation 

= -fkfl ■ 4> 

implies 

rjti • fkfl ■4> = 4>- 

By taking an orthonormal frame (ei,..., e^) of M” we can write 

vti= 


(5) 


eq:despejel 


( 6 ) 


eq:despeje2 


By ([6]), and taking hermitian product with (f 

1 = |<^|2 
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= {vtr fkfr<P,4>) 

^ ^ ■ fkfl ■ 4’i 4^ 

l<i<j<n 

l<z<j'<n 

l<i<j<n 

□ 



emma:lie-algebra) 


Lemma 3.5 Let r >2. The image of the map associated to a partially pure spinor cf) G A„, 

A^K'’ ^ End(M”) 
fki ^ Ofcp 

forms a Lie algebra of endomorphisms isomorphie to so(r). 

Proof. Let (ei,...,e„) be an orthonormal frame of ML. First, let us consider the following 
calculation for i ^ j, k ^ I, s ^ t: 

Re (^Cset • r]fj • f^fi • </>, </>^ = Re ^e^et • ijf-(ea, eb)eaei^ ■ fkfi ■ (j), 

= Re ^ Tjf-{Ca, Cfe) {es -Cf Ca-Bb- fkfl ' (p, (p) 

a<b 

= -'^hfj{es,eb)r]ti{eb,et)+ '^vtii(^s,eb)r]fj{eb,et) 
b b 

= - ^[vtMvfjlbs + Yl^flfj]tb[flti]bs 

b b 

= ['ntj^vtihs 

is the entry in row t and column s of the matrix ['fjfj,fjki]- 

Secondly, we prove that the endomorphisms satisfy the commutation relations of so(r): 

1. If 1 < i,j, k,l < r are all different. 


[vLvfA =0 


2. If 1 < i,j, k < r are all different. 


To prove ([7]), note that by ([5]), 


ihfj,hjk\ = -vfk- 


(7) eq:[kl,ij]=0 


(8)1 [ij , jk]=-ik 


rit-fkfl-(p = htr 


(9)) eq:identity1 
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by © 


Re (eset- rjfj ■ fkfi •</>,</>) = [vfj, , 

Re (^esCf vti ■ fifj •</>></>) = ivti > 4j\ts , 

and by ([9]) and the anticommutativity of the bracket, 

i'ntj^'nti] = 0- 

To prove dSD, note that by ([5|) 

fifj ■ Vjk • = fifk ■ </> 

and 

fjfk ■ vfj ■ 4> = -fifk ■ (l> 

so that 

fjfk ■ vfj ■ 4> = fifj ■ V% ■ 4’ - “^fifk ■ 4- 

Thus, 

Re(^esefr]f- fjfk-4,4) = {esSt ■ rfjk ■ fifj ■ 4,4) -‘^vtki^s.et) 

and by © 

[vtj = Vl %> ^tj\ - ‘^vtk > 

i.e. 

= -vtk- 

Thirdly, we will prove, in five separate cases, that the set of endomorphisms {ffi} is linearly 
independent. For r = 0,1 there are no endomorphisms. For r = 2 it is obvious since there is only 
one non-zero endomorphism. For r = 3, suppose 

0 = q;i2??i2 + aisvts + “as??!?, 

where ai2 / 0. Take the Lie bracket with rjf^ to get 

0 = 0 . 12^23 ~ '^ 23^12 5 


I.e. 


“23 ^d, 

%3 = —^12- 

ai2 


15 


We can also consider the bracket with 


so that 


0 = -aufif^ + aisfjf^, 


^4, «13 

= —m2- 

ai2 


By substituting in the original equation we get 

0 = (“12 + “13 + “23)^12) 


which gives a contradiction. 

Now suppose r > 5 and that there is a linear combination 

0 = '^akifiti. 
k<l 


Taking succesive brackets with r/fg, 7)^2) ^34 fjf^ we get the identity 

ai2??i5 = 0, 

i.e. ai2 = 0. Similar arguments give the vanishing of every aki- 
For r = 4, suppose there is a linear combination 

0 = a;i2r?f2 + 013^13 + + 023^723 + «24??24 + «34f?34- 

Multiply hy —(j) 

0 = (ai2/i2 + ai3/i3 + ai4/i4 + 0^23/23 + ^24/24 + 034/34) • 4 >- 
Multiply by -/12 

0 = (ai2 — 013/23 — 014/24 + 023/13 + 024/14 — 034/1234) • 4 >- 
Now, take hermitian product with (p 

0 = ((012 — 013/23 — 014/24 + 023/13 + 024/14 — 034/1234) •</>, <)') 
= ai2|0p - 034 (/1234 • 

= 012- 


Similar arguments give the vanishing of the other coefficients. □ 

(lemma: kernel) r > 2 and (p be a partially pure spinor. Then 

V^C Pi ker?7f;. 

l<fc</<r 
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Proof. Let 1 < A: < / < r be fixed and X S V'^’. Since M” = V‘^ © and J'f’ is a complex 

structure on there exists a basis {ei, 62 ,, e 2 m-i) e 2 m} U {e 2 m+ij..., e 2 m+r} such that 

= span(ei, 62,..., e2m-i, e2m), 

— Span(e2m+1) . . . ) 62 m+r)) 

J’^{e-2j-i) = e2j, 

J‘^ie2j) = —e2j-i, 


where m 


(n — r)l 2 and 1 < j < m. Note that 


vti{e2j-i) 


n 

^ ^ Re (e2j—1 ^ * fkl * ^7 

a=l 

n 

— ^ Re (/a;/ • eae2j-i • 

a/2j-l 

n 

- ^ Re • ea{iJ'^{e2j-i)) ■ </>, 

a^2j-l 

n 

Im (eae2j • fkl ■ </>, </>) Ca 

a7^2j-l 

-Im (/m • 4 >, 4 >) e2j 

0 . 


fia 


□ 


Lemma 3.7 Let r > 2 and (f) ^ ® be a partially pure spinor. Then earries a 

standard representation o/so(r), and an orientation. 

Proof. By Lemma 13.51 so(r) is represented non-trivially on M” = and, by Lemma 

13.61 it acts trivially on V^. Thus is a nontrivial representation of so(r) of dimension r. □ 

Remark. The existence of a partially pure spinor implies r = n (mod 2). In this case, let 
(ei,..., Cn) and (/i,..., fr) be orthonormal frames for M" and M'’ respectively, 

Volj^ — 61 • • • Cn, Volj. — fl ' ' ' fr} 

and 


F : Yr ® An - Yr © An 

4> 6^ (—z)"/^f'’/^Voln • voir • (j). 

Note that F^'^\olr acts as (—l)^/^Idsr on Sr and that (—f)”/^voln determines the decomposition 
An = A+ © A“. Thus we have that 

Sr © A„ = (Sr © A„)+ © (Sr © A„)", 

and we will call elements in (Sr © A^)"*" and (Sr © A„)“ positive and negative twisted spinors 
respectively. 
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Definition 3.2 Let n be even, be endowed with the standard inner product and orientation, 
and voln denote the volume form. Let V, W be two orthogonal oriented subspaces such that 
M"" = V (S)W. Furthermore, assume V admits a complex structure inducing the given orientation 
on V. The oriented triple {V, J, W) will be called positive if given (oriented) orthonormal frames 
{vi, J{vi),... ,Vm, J{vm)) OL^d {wi,...,Wr) of V and W respectively, 

Vi A J{vi) A ... A Um A J{Vm) A Wi A . . . A Wr = voln, 


and negative if 


VI A J{vi) A ... A Vm A J{Vm) A WI A . . . A Wr = —voln 


Lemma 3.8 If r is even, a partially pure spinor f is either positive or negative. Furthermore, a 
partialy pure spinor cp is positive (resp. negative) if and only if the corresponding oriented triple 
is positive (resp. negative). 


Proof. We must prove that either cp G (S,. 0 A„)+ or <p G (E,- (g) A^)”. Since <p is a partially pure 
spinor, there exist frames (e'^,..., 02 ^) and ( 62^+11 • • • > ^ 2 m+r) respectively such 

that 

e 2 j = J (e 2 j - 1 ) and A e' 2^^1 , 

where 1 < j < m and 1 < A: < / < r. Now, 

e'l A e's A ... A 63 ^ A 62^+1 A ... A 63 ^+^ = ivoU- 


Then, 

(_j)«/2^r-/2vol^ . ^ 


i.e. (p G (Sr (g) A„)=*". 


±{-i)^^^f^^e[e2 • • • 62^62^+1 • • • e2^+r ' /i'' • /r • </> 

J(e;) • • • e2m-lJ{e2m-l)Tlt2 ' ' ' vt-S,r-2 • /12 • • • fr-l,r ' r/r-l,r ' 
±(-*)”^^*''/2e'i J(e;) • • • e 2 ^_i J(e2^_i)7?f2 • • • vt-^,r -2 ' /12 • • • /r-3,r-2 ' (p 

±[-iYlh^l\(j{e',) ■ ■ ■ e'2^_iJ(e'2^_i) • 

±( —J(e'i) • • • e'2rn-‘iJ{e'2m-‘i)^'2m-l{~'>-^'2m-l) ' 4 ’ 

±(p, 


□ 


3.3 Orbit of a partially pure spinor 

aiiy-pure-spinor) 3 _g 0 S S^ (g) A„ be a partially pure spinor. If g G Spin^’^{n), then g{(p) is also a 

partially pure spinor. 

Proof. Let g G Spin‘^’^{n) and Xn'^ig) = ( 31 , 52 , < 73 ) £ SO{n) x SO{r) x 17(1). First, suppose 
X,Y G V^, 

X ■(p = iY -(p. 
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Apply g on both sides 


gi{X)-g{(t)) = igi{Y) ■ g{(t)). 

which means that gi maps into injectively. On the other hand, any pair of vectors 

X, y e such that 

X ■g{(t)) =iY ■ g{(j)), 

are the image under gi of some vectors X,Y £ M”, i.e. 

gi{X) ■g{(t)) = igi{Y) ■ g{(l)). 

Apply g~^ on both sides to get 

X ■ (j) = iY ■ <t), 

so that X,Y £ i.e. = gi[V'^). Moreover, 

JffW = g-^\y^ o J<t>o {gi\^^)~^. 

Now, let e'a = gi^isa) and = g^^ifk), so that 


rili- 9 { 4 >) = ^ vli\ea,eb)eaeb-g{(p) 

l<a<b<n 

= Y1 {9iiea)9i{eb) ' 92{fk)92{fl) • (</>), £?(</>)) 9i{ea)9i{eb) ' 9{<P) 

l<a<b<n 

= Y1 

l<a<b<n 

= 9kli^a^^byae-b-(^ 

\l<a<b<n 

= 9{rikr^) 

= 9{-fkfr4>) 

= -fkfr9i<l>), 

and 

{fkfi • g[4>),g{(t>)) = {9{fkf'i • 4>),9{(t>)) 

= {fkfl ■ (k, 4>) 

= 0 . 

For r = 4, note that the volume form is invariant under 50(4) 

(/ 1 / 2 / 3/4 • g{(j)),g{(j))) = (/ 1 / 2 / 3/4 = 0 . 


□ 
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Lemma 3.10 Let 0 G <8) be a partially pure spinor. The stabilizer of (f) is isomorphic to 
U{m) X SO{r). 


Proof. Let 5 G Spin^’^{n) be such that 5 ((/>) = i;^ and (g') = ( 91 , 92 , 93 ) G SO{n) x SO(r) xU (1). 
It can be checked easily that 


[91, = 0 

gi{v^) = 

9i\v^ G U{VtJ^) = U(m). 


Clearly, 9 ii{V^)^) = 
As in Lemma 13.61 


(V'f>)^. 

one can prove 




vtii^a,ea)eaeb€ A^iV‘*')-^, 

2m-\-l<a<b<2m+r 


where (ei,..., e 2 m+r) is an oriented frame of Furthermore, 


for the diagram 


9iivti, 

) = 


, we have that 



fkfi 

92^ 

fkfl 

i 


i 

4> 

%i 


Kj) 

so(r) ^ AV 

32^ 

A^W ^ 5o(r) 



I 

so(r) ^ 

h2^ 

A^(V^)^ ^ so(r) 


where the vertical arrows are Lie algebra isomorphisms and the horizontal arrows correspond to 
92 and /i 2 acting via the adjoint representation of SO(r). Thus, /12 and 92 correspond to each 
other under the isomorphism = /^W given by fki e-)• r]^^. 

Since hi is unitary with respect to J, there is a frame (ei,..., e 2 m) of such that 


e2j — J(e2j-i) 

and hi is diagonal with respect to the unitary basis {e 2 j-i — ie 2 j | j = I, • • •, fn}, i-e. 

hi(e2j-i - ie2j) = - ie2j) 

where 0 < < 27r. On the other hand, there is a frame (/i ,..., fr) of M’’ such that 

92 = R(pi O • • • O 
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where R^p^, is a rotation by an angle (pk on the plane generated by f 2 k-i and f 2 k, 1 < ^ < 
[r/2]. Now, since the endomorphisms span an isomorphic copy of so(r), there is a frame 
(e 2 m+i, • • •, e 2 m+r) of such that 

'Hkl ~ ^2m+k ^ C2m+Z) 

1 < A: < 1 < r. Since the adjoint representation of SO{r) is faithful 


h 2 = R'p,o...o 

where R'^^ is a rotation by an angle pk on the plane generated by e 2 m+ 2 A:-i and e 2 m+ 2 k, 1 < A: < 
[r/2]. Thus, 


= ± 


[r/2] 


J|(cos( 6 »j/ 2 ) - sin( 6 'j/ 2 )e 2 j_ie 2 j) • (cos((/ 3 fc/ 2 ) - sin((/?fc/2)7?^^_^ 2 fc)> 


i=i 


k=l 


[r/2] 


n (cos((/3fc/2) - sin((/?fc/ 2 )/ 2 fc-i/ 2 fc),e*^/^ 


k=l 


Now, 


(k = g{4>) 

m 

= JJ(cos( 6 'j 72 ) - sin( 6 'j 72 )e 2 j-ie 2 j) 

/=i 

[r/2] [r/2] 

• ll (cos(¥?fc/2) - sm{pk/2)r]t^_^^ 

2k) ■ n (cos(</5fc/2) - sin((^fc/2)/2fc_i/2fc)(7) 

k=l k=l 

m h/2]-l 

= JJ(cos( 6 lj 72 ) - sin(6lj72)e2j-ie27 • JJ {cos{pk/2) - sin((^fc/2)77^^_^ 2fc) 

j=l k=l 

[r/2] 

• (cos((/?fc/ 2 ) -sin(¥5fc/2)/2fc_i/2fc)(cos((/3[^/2]/2) -sin((^[^/2]/2)r7jj^/2]-i,2[r/2]) ' ^^) 

k=\ 

m 

= JJ(cos( 0 j 72 ) - sin( 0 j 72 ) 62^-1627 

i=i 

[r/2]-l [r/2]-l 

• ll icos{pk/‘2)-sm{pk/2)r]tk-i, 2k) ■ n (cos((/5fe/2) - sin{pk/2)f2k-if2k) 

k=l k=l 

(cOs((/?[^/ 2]/2) — sin(99[^/2]/2)/2[r/2]-l/2[r/2]) ' (cOs((/9[^/2]/2) + sin((/9[^/2]/2)/2[r/2]-l/2[r/2]) ' (7) 

m 

= JJ(cos(6'j72) - sin(6'j72)e2j-ie2j) 

j=i 

[r/2]-l [r/2]-l 

• ll icosipk/2)-sm{pk/2)4,,_^^ 

2k) ■ n {cos{pk/2) - sin((^fc/2)/2fc_i/2fc)(7) 

k=l k=l 
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= (008(0^/2) - sin(0j/2)e2j-ie2j)(0) 

m 

= J|(cos( 0 j/ 2 ) + isin(0j/2)e2j_i(iJ(e2j-i)))((^) 

j=i 

m 

= zbe*®/^ JJ(cos( 0 j/ 2 ) + isin(0j/2)e2j-ie2j-i)((^) 

i=i 

m 

— JJ(cos(0j/2) — i sin(0j/2))(i^) 

i=i 

m 

i=i 

This means 

ef(®-E7=i®>)=±l 

i.e. 

detc(hi) = 


Thus we have found that 

= ((hi,/i2),h2,detc(hi)), 

which is in the image of the horizontal row in the diagram of Lemma 12.41 


Spirf'’'^{n) 

U{m) X S0{r) — S0{n) x S0{r) x C/(l) 


□ 


Remark. Note that for any spinor (/> e (g) A^, g S Spin'^’'^{n), Xn^{g) S S0{n) x SO{r) x 

gtt\x,Y) = {XAY-fkfrg{^),gm 

= {gi{X') A gi{Y') ■ g 2 {fk) 92 {f'i) ■ g{(t>),g{(t>)) 

= {g{X'AY'-f'Jr4>),g{^)) 

= {X'AY'■ fJi 

= ■■ 9t{X'X), 


for X' = g^ ^{X),Y' = g^ ^(T) G = 5^3 ^(/fe)- Thus, the matrices representing (with 

respect to some basis) are conjuagte to the matrices representing 77 ^*^. 
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ima: little 


orbit) Lemma 3.11 Let 0,'^ G (8) be partially pure spinors and Spin^{r) the standard copy of 
this group in Spin^’^{n). Then, if G Spin^{r) ■ cj) if and only if they generate the same oriented 
tiple {V^, J^, (V^)^) = (V^, J^, 

Proof. Suppose = g{cj)) for some g G Spin^{r) C Spin^'''{n), and let Xn^{g) = {l,g 2 ,e’'^). Such 
an element induces 


{XAY-Mrg{f)),g{cf)) = (A A F 

for ff. = gf\fk), i-e. 

SO that they span the same copy of so(r) in End~(M”'), 

span(ry^fo^) = span(r/^'^) = so(r) C End“(M"'). 

Thus, by Lemma 13.91 the partially pure spinors 4> and g{(f) determine the same oriented triple 

Conversely, assume J^, iV^)^) = (V^■, ■, and consider the subalgebras of 

so(r)‘^ = span{gfi + fki) 

5o{r)^ = span{gfi + fki). 

There exist frames (e 2 m+i; • • • j e 2 m+r) and ( 62^+11 • • • > ^' 2 m+r) of and respectively, 

such that 

Vkl ® 2 m+fc X\ e2m+h 

'ntl ~ ^2m+k X &2m+l- 
Let A = {oki) G SO{r) the matrix such that 

^ • 62 m+fc ^kie'2m+l + ‘ ‘ ‘ + afere 2 m+r- = e2m+k 
1 < k < I < r. The induced transformation maps 


and set 

and 

Consider 


^ • ^2m+k X ^2m+l ^2m+k A e2m+h 

A^ '■ fk Olfc/l + • • • + CLrkfr = f'k, 

A^: fk/\fl^ f'kXf'i- 


(^^2m+p A e2m+q ' fkfl ' V^) — {(e aps®2m+s^ A ^ ^qp2m+^ 'fkfl 
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^pt(^gs)^2m+s ^ ^2m+tj ' fkfl ' '4’)'4’ 
'^^{cLpsClqt ~ CLptO-qs) {s2m+s ^ ®2m+t ' fkfl ' 'f’l '*/’) 


s<t 


'y^^ japsO'qt Clptaqs) y G2m+s ^ ^2m+t ' (E ^ikfi IIE O-jlfj 

i=i 


• V',V' 


s<t 


\ i=l 


^^{cipgClqt OipiClqg) / &2m+s ^ ^2m+t ' I ^ 1 ' 

s<t \ \i<j j 

^ ^ ^ ^ (QpsQgt ~ 0‘pt0<qs)ifiik0'jl ~ O-ilO^jk) {(^2m+s ^ ^2m+t ' fifj ' V^) 

i<j 


— ^ ^ ^ ''f O'ps^qt Oipt(lqs')(^(lik(ljl dilOtjkjSgi^tj 
s<t i<j 

— ^ '^ {O'psO'qt ClptO'qs') O.slO'tk') 

s<t 

— ^pk ^ql 1 


since the induced tranformation by A on is orthogonal. This means 

fib (fy A 

Vkl — ^kl — ®2m+fc ^ ^2m+l- 

Now consider g £ Spirf{r) C Spirf’'^{n) such that Kf [g) = (1,A, 1) £ SO{n) x SO{r) x U{1). 
Then 


Spk^ql — {c2m+p ^ (^2m+q ' fkfl ’ V^) 

= {g{e2m+p^e2m+q- fkfl 
= {e2m+p A e2m+5 • A{f)A{f) ■ 5f(V'), fi'(V')) 

= (e 2 m+p A e 2 m+g • fkfl ■ g{f),g{f)) , 

i.e. 

sib) A 4 > 

Vkl — (^2m+k A e2m+Z — Vklf 

SO that 

50 {ry^'^'> = spaii{gl\'^^ + fki) = span(T/f, + fki) = 5 o{rf. 

This implies that gifj) and 4> share the same stabilizer 

U{V'^,J‘^) X exp{5o{rf) = jsW) x exp(so(r)^^(’^)) ^ U{m) x SO{r). 

But there is only a 1-dimensional summand in the decomposition of A„ under this subgroup. 

More precisely, under this subgroup 

E,. — E,. A^ ^ 2 my 
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where A 2 m decomposes under U(m) and contains only a 1-dimensional trivial summand [3], while 
Tij. ( 8 ) Aj. is isomorphic to a subspace of the complexihed space of alternating forms on which 
also contains only a 1-dimensional trivial summand. Thus, g{'>p) = for some 9 G [0,27r) C M. 

□ 


Lemma 3.12 • If r is odd, the group Spin^’''{n) acts transtitively on the set of partially pure 

spinors in < 8 ) A„. 

• Ifris even, the group Spin^’'^{n) acts transtitively on the set of positive partially pure spinors 
in (Sr (g) A„,)+. 


Proof. Suppose that r is odd. Note that the standard partially pure spinor satisfies the 
conditions 


e2j-ie2j ■ 4>o 
S2m+k(^2m+l ' 4^ 
{fkl ■ 0 , </>) 


i4>o, 

-fkl ■ 4>, 

0 , 


eq: equations s 


where (ei,..., Cn) and (/i,..., fr) are the standard oriented frames of M” and respectively. 
There exist frames (e'^,..., 62 ^) and ( 62 ^+ 1 ; • • • > G 2 m+r) of and respectively such that 


'^i^2j—l) and ^2m+k ^ ^2m+h 

l<k<l<r,l<j<m. Call g[ G 0{n) the transformation of M” taking the new frame to the 
standard one. Define gi G SO{n) as follows 


f 91 = 9i, if e'l A ... A e2^+r = voln, 

\ 91 = -9i, if e'l A ... A = -voU. 


Then {gi, 1,1) G SO{n) x SO{r) x U{1) has two preimages ±g G Spin^’'^{n). By Lemma [T9l g{(p) 
is a partially pure spinor. We will check that g{(p) satisfies (fT 0 |) as 4>o does. Indeed, 


and 


e2j-ie2j ■ gif’) 


9i{e2j-i)9i{e2j) ' Hf) 
{±gi{e 2 j_i))i±gi{e 2 j)) ■ g{4>) 
9i{e'2j-i)9i{e'2j) ■ 9{<t>) 
9ie2j-ie2j ■ f) 

9{if) 

igif), 


^2m+k^2m+l ' 9{f) 


9[ie'2m+k)9[{e'2m+l) ■ Kf) 
i±9l{e2m+k))i^9l{e2m+l)) - gif) 
9li^2m+k)9l(.^2m+l) ' 9{f) 
9i^2m+k^2m+l ' f) 

9 {-fkfl ■ f) 
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= ->^2{g)ifk)>^2{g){fi) ■ g{ 4 >) 

= -fkfi • 


since X 2 {g) = 1- Similarly, 


{fkfi ■ g{(t>),g{(t>)) 


{X2{g){fk)X2{g){fi) ■g{(p),g{(p)) 

(Kfkfi ■ ^),g{4‘)) 

{fkfi ■ 4>, 4>) 

0 . 


Thus, g{(p) generates the same oriented triple (V^W^ ^ (yaW)-*-) = [V^°, J‘^°, as (po 

which, by Lemma 13.111 concludes the proof for r odd. 

The case for r even is similar. □ 


characterization) 


Theorem 3.1 Let M” be endowed with the standard inner product and orientation. Given r S N 
such that r < n, the following objects are equivalent: 


1. A (positive) triple eonsisting of a codimension r vector subspace endowed with an orthogonal 
complex structure and an oriented orthogonal eomplement. 

2. An orbit Spin^fr) ■ (p for some (positive) twisted partially pure spinor (p € A„ (g) 


Proof. Given a codimension r vector subspace D endowed with an orthogonal complex structure, 
dim]R(Il) = 2m, n = 2m + r. By Lemma 12.51 

A(L»^)(g)A(Zl). 

Let us define 

^ f A(L>-^) if r is odd, 

\ A(L)-*-)+ if r is even, 

so that 

Bj. (g) /S.YI 

contains the standard twisted partially pure spinor cpQ of Lemma 13.11 

The proof of the converse is the content of Subsection 13.21 □ 

Let S denote the set of all partially pure spinors of rank r 

~ _ Spin^''^{n) 

U{m) X SO{r) 

Consider 


Spin^fr) 

where Spin^{r) is the canonical copy of such a group in Spin^’’^{n). Thus we have the following 
expected result. 
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Corollary 3.1 The space parametrizing subspaces with orthogonal eomplex structures of eodi- 
mension r in M” with oriented orthogonal complements is 


SOjn) 

U{m) X SO{r)' 


□ 
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